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Basimal Fractions 
 
The Background 

Any rational number pq  between 0 and 1 can be represented using negative 

powers of b: p

q
= c1b

! 1 + c2b
! 2 + c3b

! 3 +  ... + cnb
! n +  ... where 0 " ci " b. This is the 

meaning behind the representation p
q = 0. c1c2c3... cn... .   If the base were TEN, we would 

call this representation a decimal.  So for any base b, we will call this representation a 
base b basimal.  Like a decimal, a basimal can be terminating (0.25), totally repeating 
( 0.25), or partially repeating (0.25).  In base  TEN, these basimals represent the rational 
numbers1

4 , 25
99 , and23

90 .  In base SIX, these basimals represent the rational numbers17
36 , 17

35 , 

and 12 .  Converting a basimal to a fraction is relatively easy, but converting a fraction to a 
basimal requires a few steps.  The following algorithm is quite helpful:  
 
To compute the base b basimal representation for the rational number pq : 

Let d0  be the decimal representation for p
q .  Let i = 0. 

Repeat the following four steps until  di = 0  or di = dk  for some k, where 0 ! k < i.  
 

Increment i. 
Let ai = di !1 "b.  

Let ci = ai!" #$, the integer part of ai .    

Let di = ai ! ai"# $%,  the fractional part of ai .  
 

If  di = 0,  the desired basimal is 0. c1c2c3... ci or, if di = dk  it is 0. c1c2... ck+1... ci . 
 
For example, compute the base THREE and base FOUR basimal representations for 3

8 .  
 

Base THREE:     

                                           d0 = .375

a1 = 1.125         c1 = 1         d1 = .125

a2 = 0.375        c2 = 0        d2 = .375

 

 

Since d2 = d0,  exit loop and 3
8

= 0.10( )
THREE

.  

 
 

Base FOUR:     

                                       d0 = .375

a1 = 1.5         c1 = 1         d1 = .5

a2 = 2.0        c2 = 2        d2 = 0

 

 
Since d

2
= 0,  exist loop and 38 = 0.12( )

FOUR
.
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  While Part A of this contest deals with converting a rational number to a basimal 
and back again, Part B deals with the function, fb( p

q ) , a shifting function of the base b 

basimal representing p
q

.  

 
 The shifting function is defined as fb( p

q) = b!x " b!x#$ %&,  where x is the base b basimal 

representation of pq .   

 
As examples,  
 
 f4( 27

64) = f4(0.123
FOUR

) = (0.23
FOUR

) = 11
16  and f2(1

3) = f2(0.01TWO ) = (0.10TWO ) = 2
3 .  

 
Notice that multiplying a base b basimal by b shifts the basimal point one digit to the 
right. Subtracting the floor of this number removes the integer part and the function then 
returns the rational number (between 0 and 1) represented by this shifted basimal.  
 
The input and output of this function are always rational numbers between 0 and 1 
written in the form pq .   

 

By convention, fb
3( p

q ) = fb fb fb( p
q )( )( ).  

 

For example, f3
2( 4

5 ) = f3 f3(
4
5 )( ) = f3 f3(0.2101THREE )( ) = f3(0.1012THREE ) = 0.0121THREE =

1
5 . 
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The following chart of conversions to different bases may be helpful: 
 
p
q        TWO  THREE           FOUR     FIVE              TEN       

 
 
1

2
0.1 0.1 0.2 0.2 0.5

1

3
0.01 0.1 0.1 0.13 0.3

2

3
0.10 0.2 0.2 0.31 0.6

1

4
0.01 0.02 0.1 0.1 0.25

3

4
0.11 0.20 0.3 0.3 0.75

1

5
0.0011 0.0121 0.03 0.1 0.2

2

5
0.0110 0.1012 0.12 0.2 0.4

3

5
0.1001 0.1210 0.21 0.3 0.6

4

5
0.1100 0.2101 0.30 0.4 0.8

1

6
0.001 0.011 0.02 0.04 0.16

5

6
0.110 0.211 0.31 0.40 0.83

1

7
0.001 0.010212 0.021 0.032412 0.142857

2

7
0.010 0.021201 0.102 0.120324 0.285714

3

7
0.011 0.102120 0.123 0.203241 0.428571

4

7
0.100 0.120102 0.210 0.241203 0.571428

5

7
0.101 0.201021 0.231 0.324120 0.714285

6

7
0.110 0.212010 0.312 0.412032 0.857142

1

8
0.001 0.01 0.02 0.03 0.125

3

8
0.011 0.10 0.12 0.14 0.375

5

8
0.101 0.12 0.22 0.30 0.625

7

8
0.111 0.21 0.32 0.41 0.875

1

9
0.000111 0.01 0.013 0.023421 0.1

2

9
0.001110 0.02 0.032 0.102342 0.2

4

9
0.011100 0.11 0.130 0.210234 0.4

5

9
0.111000 0.12 0.203 0.234210 0.5

7

9
0.110001 0.21 0.301 0.342102 0.7

8

9
0.100011 0.22 0.320 0.421023 0.8
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The Questions 
 
Part A Ð Basic Basimal ConversionsÐBE SURE SHOW WORK FOR EACH PROBLEM 
 
1.  a.  Compute the base THREE basimal representation for 5

12 . 
 

b. Compute the base EIGHT basimal representation for 13

16
. 

 
c.  Compute the rational number, p

q , such that pq = 0.132( )
FOUR

.  

 

d.  Compute the rational number, p
q , such that pq = 0.312( )

FIVE
.  

 
e.  The rational number 5

24  can be written as 0.113( )b
for some base b.  Compute 

the value of b. 
 

f.  The rational number 37
60  can be written as 0.213( )

b
 for some base b.  Compute 

the value of b. 
 

2.  a.  Letting N = the length of the repetend of a base TWO totally repeating basimal 
and M = the position of the first 1 in the repetend, the following table is produced:  
What would be the entries in column six? 
 
    N

M
1 2 3 4

1 0.1( )
two

= 1

1
0.10( )

two

= 2

3
0.100( )

two

= 4

7
0.1000( )

two

= 8

15

2 ! 0.01( )
two

= 1

3
0.010( )

two

= 2

7
0.0100( )

two

= 4

15

3 ! ! 0.001( )
two

= 1

7
0.0010( )

two

= 2

15

4 ! ! ! 0.0001( )
two

= 1

15

 
b.  Use the entries in column six to determine the rational number p

q  represented 

by 0.010110( )
TWO

. 

 
c.  If the rational number pq  is in row M and column N in the table above, express 
p
q  in terms of M and N. 
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d.  If you made a table similar to the table in problem 2a) but for base THREE, what 
would be the entries in column five? 
 
e.  Use the entries in column five of the base THREE table to determine the rational 

number pq  represented by 0.12010( )
THREE

. 

 
3.  Determine under what conditions p

q
 will be a terminating, totally repeating, or 

partially repeating basimal in base b. 
 

4.  In base b, the rational number X is 0.25( )
b
and the rational number Y is 0.52( )

b
.  In 

base a, X = 0.37( )
a
andY = 0.73( )

a

.  Compute a and b. 

 
Part B Ð The Shifting Function 
 
5.  On three separate axes, graph the function fb(x)  for b = 2, 3, and 4. 
 
6.  Compute f2 f3(

4
7)( )  and  f3 f2( 4

7)( ) . 

 
7.  If a

b ! x < a+1
b ,  determine a linear function rule for fb(x)  where 0 ! x <1.  (N.B.  This 

function may be useful in solving questions 8 Ð 13.) 
 
8.  Compute the value of f12

13
15( ) .  

 
9.  Find the sum of the solutions to f10(x) = x . 
 
10.  Find the sum of the solutions to f4

3
(x) = 5

9
. 

 
11.  Find all x such that x < f2

2(x) < f2(x). 
 
12a.  For fixedy ! [0,1),  in terms of b and n, how many solutions does the equation, 

fb
n(x) = y, have?  

 
12b. For fixedy ! [0,1),  in terms of b, n, and y, what is the sum of the solutions to the 

equation fb
n(x) = y. Hint:  For various values of n, check out the solutions to 

f2
n(x) = yand generalize.  (You do not have to prove your generalization.) 

 
13.  If x = 1

b+1 , show that fb(x),  fb
2
(x),  fb

3
(x),  fb

4
(x),  ...  is periodic.   

Hint: Show fb(
1

b+1) = b
b+1 . 
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Solutions 

1a. x = 5
12 = 0.416( )

TEN
= 0.102( )

THREE
 

       

                                           d0 = .416

a1 = 1.25           c1 = 1         d1 = .25

a2 = 0.75          c2 = 0        d2 = .75

a3 = 2.25          c3 = 2        d2 = .25==> STOP

 

1b.  x = 13
16 = 0.8125( )

TEN
= 0.64( )

EIGHT
 

    

                                           d0 = .8125

a1 = 6.5            c1 = 6         d1 = .5

a2 = 4.0            c2 = 4        d2 = .0 ==> STOP

 

1c.  0.132( )
FOUR

= 1
4 + 3 1

16( ) + 2 1
64( ) = 15

32 . 

1d.  0.312( )
FIVE

= 3
5 + 1

25 + 2
125 + 1

625 + 2
3125...=

3
5 + 1

25 + 1
625...+ 2

125 + 2
3125...=

3
5 + 1

24 + 2
120 = 79

120. 

1e. 

   

0.113( )b
= 5

24 = 1
b + 1

b2 + 3
b3

             5b3 = 24b2 + 24b + 72

             5b3 ! 24b2 ! 24b ! 72= 0

 

 6 is the only integer solution to this equation: 

  

5 ! 24 ! 24 ! 72

6   30   36   72

5     6   12     0

 

1f. 

 
0.213( )

b
= 37

60 = 2
b + 1

b2 + 3
b3 + 1

b4 + 3
b5 + 1

b6 + 3
b7 + ...     (i)

               37b2

60 = 2b +1+ 3
b + 1

b2 + 3
b3 + 1

b4 + 3
b5 + ...     (ii)

 

Subtracting (i) from (ii): 
     37b2

60 ! 37
60 = 2b +1+ 3

b
! 2

b
 

Multiplying by 60b and rearranging: 
     37b3 ! 120b2 ! 97b ! 60= 0  
 4 is the only integer solution to this equation: 

  

37 ! 120 ! 97 ! 60

4   148 112   60

37     28   15     0

 

2a.  

 

0.100000( )
TWO

= 32
63

0.010000( )
TWO

= 16
63

0.001000( )
TWO

= 8
63

  

0.000100( )
TWO

= 4
63

0.000010( )
TWO

= 2
63

0.000001( )
TWO

= 1
63
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2b. 

 
0.010110( )

TWO
= 0.010000( )

TWO
+ 0.000100( )

TWO
+ 0.000010( )

TWO

= 16
63 + 4

63 + 2
63 = 22

63.
 

       

2c.  
p

q
=

2N ! M

2N ! 1
. 

 
2d.   

 

0.10000( )
THREE

= 81
242

0.01000( )
THREE

= 27
242

0.00100( )
THREE

= 9
242

  
0.00010( )

THREE
= 3

242

0.00001( )
THREE

= 1
242

 

2e.  

0.12010( )
THREE

= 0.10000( )
THREE

+ 2! 0.01000( )
THREE

+ 0.00010( )
THREE

= 81
242 + 54

242 + 3
242 = 69

121.
 

3.  Let B = prime factors of b{ }  and Q = prime factors of q{ } .  

 p

q
 is totally repeating if  B ! Q = ! , i.e. if b and q are relatively prime. 

 p
q  is terminating if Q ! B. 

 p
q  is partially repeating if 

 
B ! Q ! "  and Q # B. 

4.  .MNb =
M
b +

N
b2 +

M
b3 +

N
b4 + ...=

M
b

1! 1
b2

+

N
b2

1! 1
b2

=
Mb+ N
b2 ! 1

. 

So X =
2b + 5
b2 ! 1

=
3a + 7
a2 ! 1

   and    Y =
5b + 2
b2 ! 1

=
7a + 3
a2 ! 1

 

Adding Y + X :   Subtracting Y ! X : 

 
7b + 7
b2 ! 1

=
10a +10

a2 ! 1
      

3b ! 3
b2 ! 1

=
4a ! 4
a2 ! 1

    

Simplifying yields the system7a ! 10b = ! 3 and 3a ! 14b =1 , with a solutions of 
a = 11 and b = 8. 
 
5.  

f
2
(x) f

3
(x) f

4
(x)  
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6. 

f2 f3
4
7( )( ) = f2 f3 0.120102THREE( )( ) = f2 0.201021THREE( ) = f2

5
7( ) = f2 0.101TWO( ) = 0.011TWO = 3

7 .

f3 f2
4
7( )( ) = f3 f2 0.100TWO( )( ) = f3 0.001TWO( ) = f3

1
7( ) = f3 0.010212THREE( ) = 0.102120THREE = 3

7 .

 
7.  Looking at the graphs in #5, each segment has endpoints ( a

b
,0)  and ( a+1

b ,1) .  The 
equation of the line through these two points is fb(x) = bx! a.  
 
8.  Using the formula in #7, a

12 <
13
15 <

a+1
12 ! 9.4< a <10.4! a = 10 and  

f12
13
15( ) = 12 13

15( ) ! a = 52
5 ! 10= 2

5 . 

 
9. 10x ! a = x " 10x ! x = a " x = a

9 ,  where 0 # a < 9.  So the sum of all the solutions is 
0
9 + 1

9 + 2
9 + 3

9 + 4
9 + 5

9 + 6
9 + 7

9 + 8
9 = 4. 

 

10.  f4
3(x) = 5

9 ! 4x " a = 5
9 ,  where a # 0,1,2,3{ } . Therefore, x =

9a + 5
36

 and so  

x = { 5
36 , 14

36 , 23
36 , 32

36} = 9k+5
36 ,  where k = {0,1,2,3}

f4
2(x) = 9k+5

36  where k = { 0,1,2,3} ! 4x " a = 9k+5
36 ,  where a # 0,1,2,3{ }  and k = { 0,1,2,3}. 

Therefore, x = { 5
144, 14

144, 23
144,...,140

144} =
9m+ 5

144
 where m ! {0,1,2,...,15}. 

So f4(x) = 9m+5
144  where m= { 0,1,2,...,15} ! 4x " a =

9m+5
144 ,  where k = { 0,1,2,...15}  

and for every k, a ! 0,1,2,3{ } . There are 64 answers!  x = { 5

576
, 14
576
, 23
576
,..., 572

576
} =  

9n + 5
576

 where n ! {0,1,2,...,63}.  The set of solutions forms an A.P. whose sum is 577

18
. 

 
11. LetÕs solve this problem using graphical iteration. There are four cases: 
i) if 0 ! x < 1

4 ,  then f2
2(x) > f2(x).  ii)  if 1

2 < x < 3
4 ,  then f2

2(x) > f2(x).  

y = x y = x
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iii)  if 3
4 < x <1, then x > f2

2(x).   iv)  
if 1

4 < x < 1
2 ,  then f2

2(x) < f2(x) and

sometimes x !  f2
2(x).

 

y = x y = x

 
As you can see from this last graphical iteration, there is one value x = c where f2

2(x) = x 

and for any value c < f
2

2
(x) < x , f2

2(x) > x . So letÕs find this value.  When 1
4 < x < 1

2  then 

f2(x) = 2x and so 1
2

! f
2
(x) <1 .  Therefore, f2

2(x) = f2 f2(x)( ) = 2 2x( ) !1= 4x !1.  Since 

f2
2(x) = x,  4x ! 1= x " 3x = 1" x = 1

3 .   Therefore, the solution to this problem is 
1
3 < x < 1

2 .  

12a. bn  

12b.  y+
bn ! 1

2
.  Observe some cases and generalize.  If f3(x) = y, then 3x ! a = y 

where a ! { 0,1,2}  and x = y+a
3 = { y

3 , y+1
3 , y+2

3 }.   The sum of these values is y +1. 

If f3
2(x) = y, then f3(x) = { y

3 , y+1
3 , y+2

3 }  and 3x ! a = y

3or
y+1
3 or

y+2
3  where a " { 0,1,2}.  

Therefore, x = y+3a
9 or y+1+3a

9 or y+2+3a
9 = { y

9 , y+1
9 , y+2

9 ,..., y+8
9 } .  The sum of these values is y + 4. 

13.  Lemma 1:  
1

b+1
!
"#

$
%&

b

= 0.0X, where X = b'1. 

 1
b+1( ) !b = b

b+1,  which is < 1. So c1 = 0. 
b

b+1( ) !b = b2

b+1 = b2
"1+1

b+1 = b2
"1

b+1 + 1
b+1 = b"1+ 1

b+1.  So c2 = b"1= X.  

 Since the remainder repeats, the process stops and OX is the repetand.  

      Lemma 2:  
b

b +1
!
"#

$
%&

b

= 0.X0, where X = b'1. 

 b
b+1( ) !b = b2

b+1 = b " 1+ 1
b+1.  So c1 = b " 1= X. 

 1

b+1( ) !b = b

b+1
,  which is < 1. So c

2
= 0.  

 Since the remainder repeats, the process stops and X0 is the repetand. So the process 
repeats with a period of 2. 


