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Basimal Fractions

The Background
Any rational numberg between 0 and 1 can be represented using negative

powers oft: Z=cb't+ b * + e+ L+, b+ .o whae0" ¢, " b. Thisis the

meaning behind the representatig)ﬁ 0.c¢C,C,...C,... . If the base wereen, we would

call this representation a decimal. So for any lmasee will call this representation a

baseb basimal Like a decimal, a basimal can be terminating (0.25), totally repeating
(025), or partially repeatingd.25). In baseTeN, these basimals represent the rational
numbers;, £, ands . In basesix, these basimals represent the rational nurdpers,

and . Converting a basimal to a fraction is relatively easy, but converting a fraction to a

basimal requires a few steps. The following algorithm is quite helpful:

To compute théaseb basimal representation for thetional numbe%:

Let d, be the decimal representation for Leti =0.
Repeatthe following four stepsantil d =0 or d =d, for somek, whereO ! k <.

Increment.

Leta =d _,-hb.

Let ¢ =ta ¢ the integer part o .

Letd =a ! a8 thefractional part ofa.

If d =0, the desired basimal 8.c.c,c,...c or, if d =d, itis 0.cc,...C,,,...C .

For example, compute the bas&ee and baseour basimal representations fér

d, =.375
BaseTHREE a =1.125 ¢c=1 d=.125
a, =0.375 ¢=0 d =.375
. _ . 3 N
Sinced, = d,, exitloop and; = (0.10)THREE.
d, =.375
Baserour: a=15 ¢c=1 d=.5
a,=20 c=2 d=0

Sinced, =0, exist loop anct =(0.12)

FOUR *
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While Part A of this contest deals with converting a rational number to a basimal
and back again, Part B deals with the functiiy(\%), a shfting function of the basbk

basimal representing .

The shifting function is defined afs;b(g) =b!x" g!x¥% wherexis the basé basimal

representation of .

As examples,
f,(Z)=f,(0.123,,)=(0.23,,.) = and f,(2) = f,(0.01uo) = (010wmo) = 2.

Notice that multiplying a badebasimal byb shifts the basimal point one digit to the
right. Subtracting the floor of this number removes the integer part and the function then
returns the rational numbédrdtween 0 and 1) represented by this shifted basimal.

The input and output of this function are always rational numbers between 0 and 1
written in the forme..

By convention, f* (%) = f, ( f ( f (%))).

For examplef2(£) = f,( (%)) = fg(fg(o.m]mrzaz)) = £,(01012re) = 0012k e = 2.
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The following chart of conversions to different bases may be helpful:

% TWO THREE FOUR FIVE TEN
0.1 01 0.2 02 0.5
001 0.1 01 013 03
010 02 02 031 06
0.01 002 0.1 01 0.25
0.11 020 0.3 0.3 0.75
00011 00121 003 0.1 0.2
00110 01012 012 0.2 0.4
01001 01210 021 0.3 0.6
01100 02101 030 0.4 0.8
0.001 0.011 0.02 0.04 0.16
0.110 0211 0.31 0.40 0.83

0001 0010212 0021 0032412 0142857
0010 0021201 0102 0120324 0285714
0011 0102120 0123 0203241 0.428571
0100 0120102 0210 0241203 0571428
0101 0201021 0231 0324120 0.714285
0110 0212010 0312 0412032 0857142

©Vlee vlw elu vVl VL V= w|[a | w|lw = o QWu QR Qv QL Q= alu o= uls Ulw L = Rle B]= LD VL= =

0.001 001 0.02 003 0.125
0.011 010 0.12 014 0375
0.101 012 0.22 030 0.625
0.111 021 0.32 041 0.875
0000111 0.01 0013 0023421 01
0001110 0.02 0032 0102342 02
0011100 0.11 0130 0210234 04
0111000 0.12 0203 0234210 05
0110001 021 0301 0342102 0.7
0100011 0.22 0.320 0421023 038
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The Questions

Part AbBasic Basimal 6nversionEBBE SURE SHOW WORK FOR EACH PROBLEM

1. a. Compute the baseree basimal representation fej.

b. Compute the basscHT basimal representation fey.

c. Compute the rational numbe, such that? =(0.132)

FOUR "

d. Compute the rational numbe,%,, such thatg = (031_2)

FIVE

e. The rational numbe§; can be written ag0.113, for some basé. Compute
the value ob.

f. The rational numbeg can be written aéo.ﬁ_?,)b for some basb. Compute
the value ob.
2. a. Letting N = the length of the repetend of a basetotally repeatindasimal

and M = the position of the first 1 in the repetend, the following table is produced:
What would be the entries in column six?

N 1 2 3 4
M
! 1), =t (0d0), =3 (od00) =4 (od000) =1
z ! o). =+ (o)< foomw), =
: ' | oo01), =+~ (o300) =5
4 I I I (OW%:%

b. Use the entries in column si@ determine the rational numbﬁr represented

by(ODlOll .

TWO

c. If the rational numbeﬁ is in row M and column N in the table above, express

g in terms of M and N.
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d. If you made a table similar to the table inlgfean 2a) but for base4reg, what
would be the entries in column five?

e. Use the entries in column five of the baseeE tableto determine the rational
number% represented b(/OlZOlq .

THREE

3. Determine under at conditions% will be a terminating, totally repeating, or
partially repeating basimal in balse

4. In basé, the rational numbeX is (OE)b and the rational numbafis (0.5_2)b. In

basea, X = (0.3_7)a andy = (07_3) . Computea andb.

Part BB The Shifting Function

5. On three separate axes, graph the fundjéx) forb =2, 3, and 4.

6. Computef,(f,(4)) and £,(£ ().

7. If 21 x<& determine a linear function rule fdg(x) whereO! x<1. (N.B. This
function may be useful in solving question® 83.)

8. Compute the value df, (g)
9. Find the sum of the solutions fg(x) = x.
10. Find the sum of the solutions td(x) = 3.

11. Find alix such thatx < f?(x) < f,(x).

12a. For fixed/! [0,1), in terms ofb andn, how many solutions does the equation,
f,'(X) =y, have?

12b.For fixedy! [0,1), in terms ofb, n, andy, what is the sum of the solutions to the
equation f,'(x) = y. Hint: For various values of, checkout the solutions to
f,'(x) = yand generalize. (You do not have to prove your generalization.)

13. If x=:%, show thatf,(x), f,/(X), ) (X), f,'(X), ... is periodic.
Hint: Show f, (z) = 22

~ bl
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Solutions
la.x=%=(0.48) =(0.102)

d, =.416
a=125  ¢=1 d=.25
8=075  ¢=0 d=.75
a,=2.25 G=2 d =.25==>STOP
1b. x=£=(0.8129,,, =(0.64), ..
d, =.8125
a,=6.5 c=6 d=.5
3,=4.0 ¢=4 d=.0==>STOP
1c. (0139, =3 +3(3) +2(&) =2
1d. (0.32) =i+h+dtcktde.mithth it st y=D
le.

(0113, =5 =1+1+2

b2 = b?
5b° = 24b% + 24b + 72
5b%! 24b%*1 24b! 72=0
6 is the only integesolution to this equation:
5 124 124 172

6] 30 36 72
5 6 12 |0
1,
03, =B=grd g rirden 0
I =2h+1+32 S+l+2a a2 (i)

Subtracting (i) from (ii):
W Z=2b+1+21 2
Multiplying by 60b and rearranging:
370%! 12% ! 97b! 60=0
4 is the only integer solutioon this equation:
37 1120 '97 160
4 148 112 60

37 28 15 | O

2a.
(000009 =% (0oboo10d =2
(o 010000 =% (o 00001 =2
(o0 00100() =2 (o0 oooooj =1
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2b.
(oBR5TT (055508, »{oFEFT,, +{o50%T_
S
oN! M
2cC. g: 11"
2d.
(Olooo(jTHREE 2az
(000019
(O-W =27 THREE 242
i 2;2 (0 OOOO])THREE 243
(00010d =%
2e
(Om THREE (OlOOO(jTHR * 2!(OIWQTHREE * (O'WC)THREE

— 8l 450, 3 _ 69

T 242 ' 242 ' 242 T 121"

3. Let B ={prime factors of b} and Q ={prime factors of g} .

§ is totally repeating iB! Q=! , i.e. if b andqare relatively prime.
3 is terminating ifQ! B.
E is partially repeating iB! Q! " andQ# B.
M N
—_— - 2 Mb+ N
4. 'MNb:%+bﬁ2+%+bﬁ4+"':1|bi+1|bi: 1L
L5 1S !
+ + + +
SoX:ZE 5:3? 7 d Y:Stz) 2:7? 3
b1 a‘!1l b1 a‘!'l
AddingY + X: SubtractingY — X:
7b+7 10a+10 B! 3 4dal 4
b211  a?ll b?11 a’lil

Simplifying yields the systema! 10b=!3 and3a! 14b=1, with a solutions of
a=1llandb=8.

5.

J2(x) f:(x) fa(x)
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f,(f,(2)) = £,( f,(0120102umee )) = 1, (020102 ez ) = £,(2) = ,(0104o) = 00T Io = 2.
£(£(4)= £:( £,(0100wo)) = £,(000%m0 ) = £,(3) = £,(001021 2 ) = 0102120rmesz = 2.

7. Looking at tle graphs in #5, each segment has endp¢n® and(3*,1). The
equation of the line through these two pointd,is) = bx! a

8. Using the formula in #22 <2 <211 94<a<10.4! a=10 and
Fal#)=120)1 =%1 1023,

9.10x! a=x" 10x! x=a" x=%, wheeO0#a<9. So the sum of all the solutions is
0 1 2 3 4 5 6 7 8 —
SHstE+ I+t + L+ =4,

+
10. £} (x)=21 4x" a=2, wheea#{0,12,3}. Thereforex =22 and so
x={2,4,2 %2 =% wheek ={0,1,2,3}
fA(x)=2%2 whaek={0,1,2,3}! 4x" a=%5 whaea#{0,1,2,3 andk ={0,1,2,3.

Im+5

Therefore, X ={ 5,55, 25,1 1a0} = wheem! {0,1,2,...,15}.

So f,(x) =222 wheem={0,12,.. 15}+4x azgﬁf,wherek—{OLZ 15

144

and forevery k, a! {0,1,2,3}. There are 64 answerst = {2, 2L 2 23 =
9n+5

wheren! {0,1,2,...,63}. The set of solutions forms an A.P. whose suf¥is

576
11. LetOs solve this problem using graphical iteration. There are four cases:
i) if 0! x<2, thenf/(x)> f,(x). i) if 2<x<2, thenf?(x)> f,(x).
y=xX y=xX
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if $<x<1, thenf?(x)< f,(x) and

sometimesx ! £7(x).

As you can see from this lastagihical iteration, there is one valie ¢ where f7(x) = x
and for any value < f(x) < x, f2(x)>x. So letOs find this value. Whgr x<1 then
f,(x)=2x and so} ! f,(x)<1. Therefore,f?(x) = f,(f,(x)) =2(2x)-1=4x~-1. Since
f2(x)=x, 4x! 1=x" 3x=1" x=21. Therefore, the solution to this problem is
Lex<d.
12a.b"

b" 11

12b. y+ . Observe some cases and generalizd,(¥) =y, then3x! a=y

wherea! {0,1,2} andx =2 ={%,2 2% The sum of these valuesys- 1.
If £2(x) =y, then f,(x)= ;,V;l,ygz} and3x! a=2ortorZ? whaea" {0,1,2}.

Therefore,x = XF or X522 or X572 = {3, %2, 2, X7} . The sum of these valuesyis- 4.

13. Lemma 1:(ij =00X, whaeX=b-1.
b+1),

(ﬁ)!b:ﬁ, whichis< 1. ¢, =0.
(%)'b:bb_jl:%: bb2+1 b+1_b 1+55 b+1- $C2 =b-1=X.
Since the remainder repeats, the process stop®4igithe repetand.

Lemma 2:(Lj =0.X0, wheeX =b-1.
b+1

b
(b+l)|b_bb_jl_b" 1+55. S0 =b"1=X.
(b+l)lb_ 737> Whichis < 1.So ¢, =0.

Since the remainder repeats, the process stops@isdhe rgetand. So the process
repeats with a period of 2.



